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Toric Prevarieties
and Subtorus Actions
Annette A’Campo–Neuen1 and Ju¨rgen Hausen2
Fachbereich Mathematik und Statistik
der Universita¨t Konstanz
Abstract. Dropping separatedness in the definition of a toric variety, one obtains the more general
notion of a toric prevariety. Toric prevarieties occur as ambient spaces in algebraic geometry and
moreover they appear naturally as intermediate steps in quotient constructions. We first provide
a complete description of the category of toric prevarieties in terms of convex–geometrical data,
so–called systems of fans. In a second part, we consider actions of subtori H of the big torus of
a toric prevariety X and investigate quotients for such actions. Using our language of systems of
fans, we characterize existence of good prequotients for the action of H on X. Moreover, we show
by means of an algorithmic construction that there always exists a toric prequotient for the action
of H on X, that means an H–invariant toric morphism p from X to a toric prevariety Y such
that every H–invariant toric morphism from X to a toric prevariety factors through p. Finally,
generalizing a result of D. Cox, we prove that every toric prevariety X occurs as the image of a
categorical prequotient of an open toric subvariety of some Cs.
Introduction
A toric prevariety is a normal prevariety, i.e. possibly non–separated, together with an ef-
fective regular action of an algebraic torus that has a dense orbit. This notion occurs for
the first time in an article by J. W lodarczyk in 1991 (see [13]) where he shows that toric
prevarieties are in fact universal ambient spaces in algebraic geometry. More precisely, he
proves: Every normal variety over an algebraically closed field admits a closed embedding
into a toric prevariety.
In classical algebraic geometry, all the varieties considered were quasi–projective; so the
ambient spaces were finite dimensional vector spaces or projective spaces. But when in the
1940s the abstract concept of an algebraic variety via glueing affine charts was introduced,
the resulting class of objects turned out to be much larger than those fitting into the frame of
the classical ambient spaces. It therefore came as a surprise that the class of toric prevarieties
is indeed so large that they contain any given normal complex variety as a closed subvariety.
However, non–separated toric prevarieties have so far hardly been studied. In the first part
of this article our aim is to provide a complete description of complex toric prevarieties and
their morphisms in terms of convex geometry. Generalizing the notion of a fan, we introduce
the concept of a system of fans in a lattice and obtain an equivalence of the category of
systems of fans and the category of toric prevarieties (see Theorem 3.6).
Our description makes the category of toric prevarieties accessible for explicit calcula-
tions. A first application is an algorithmic construction of a toric separation: For every toric
prevariety X , we obtain a toric morphism from X to a toric variety Y that is universal with
respect to toric morphisms from X to toric varieties (see Theorem 4.1). This result can serve
as a general tool for passing from the non–separated setting to varieties. Further applications
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of the convex–geometrical language are given in subsequent articles. For example, it is used
in [7] to prove a refined version of W lodarczyk’s embedding theorem.
The second part of this article is devoted to quotient constructions. Frequently it is useful
to decompose a quotient construction into a non–separated first step followed by a separation
process. For example, A. Bia lynicki–Birula uses non–separated quotient spaces as a tool to
prove in [3] that a normal variety contains only finitely many maximal subsets admitting a
good quotient with respect to a given reductive group action.
In the toric setting it is natural to consider subtorus actions. Here one faces the following
problem: Given a toric variety X and a subtorus H of the big torus of X ; when does there
exist a suitable quotient for the action of H on X? This quotient problem has been studied
by various authors: In [9] GIT–quotients for subtorus actions on projective toric varieties
were investigated. More generally, J. S´wie¸cicka ([12]) and H. Hamm ([8]) asked for existence
of arbitrary good quotients. In section 6 we treat their questions in the framework of non–
separated toric prevarieties. In analogy to the corresponding concept for the separated case,
we define the notion of a good prequotient. We characterize in terms of systems of fans when a
good prequotient for the action of a subtorus H on a toric prevariety X exists (see Theorem
6.7).
The characterizations given in the above–mentioned results show that good quotients and
prequotients only exist under quite special circumstances. So it is natural to ask for more
general notions. In [1], the notion of a toric quotient for a subtorus action on a toric variety
was introduced and it was proved that such a quotient always exists. The analogous notion in
the context of toric prevarieties is the toric prequotient, i.e., an H–invariant toric morphism
p from X to a toric prevariety Y such that every H–invariant toric morphism from X factors
uniquely through p. In Section 7 we prove by means of an explicit algorithm (see Theorem
7.5) that toric prequotients always exist. Determining first the toric prequotient of a subtorus
action on a toric variety and then performing toric separation splits the calculation of the
toric quotient into two steps (see Remark 7.8). This decomposition gives for example insight
into obstructions to the existence of categorical quotients (see [2]).
An application of our theory of quotients is given in the last section: we represent an
arbitrary toric prevariety as a quotient space of an open toric subvariety of some Cn by the
action of a subtorus of (C∗)n (see Corollary 8.3). This result generalizes a similar statement
on toric varieties due to D. Cox (see [5]). In contrast to Cox’s construction, our quotient map
is not necessarily a good prequotient. However, it is universal in the category of algebraic
prevarieties (see Proposition 8.2). A toric prevariety X with big torus T occurs as the image
of a good prequotient of an open subvariety of some Cs if and only if the intersection of any
two maximal affine open T–stable subspaces of X is affine (see Theorem 8.8).
We would like to thank A. Bia lynicki–Birula, J. Jurkiewicz, J. S´wie¸cicka and J. W lodarczyk
for many suggestions and helpful discussions. A particular thank goes to P. Heinzner for
pointing out a gap in an earlier version.
1 Toric Prevarieties
Let X be a complex algebraic prevariety, i.e., a connected complex ringed space that is
obtained by glueing finitely many complex affine varieties along open subspaces. Recall that
X is separated if and only if it is Hausdorff with respect to the complex topology.
By definition a prevariety X is normal if it is irreducible and all its local rings are
integrally closed domains, or equivalently, all its affine charts are normal. As in the case of
varieties, a normalization of a given prevariety X is obtained by glueing normalizations of
affine charts of X .
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1.1 Definition. A toric prevariety is a normal complex prevariety X together with an ef-
fective regular action of an algebraic torus T having an open orbit.
For a toric prevariety X and T as in 1.1, we refer to T as the acting torus of X . Moreover,
we fix a base point x0 in the open orbit of X . Note that a toric prevariety is a toric variety
in the usual sense (see e.g. [6]) if and only if it is separated.
1.2 Example. The complex line, endowed with the C∗–action t·z := tz, is a toric variety.
Glueing two disjoint copies of C along the open orbit C∗ ⊂ C yields a non-separated toric
prevariety X . As a base point we choose x0 := 1 ∈ C
∗ ⊂ X . ♦
1.3 Proposition. Every toric prevariety X admits a finite covering of open affine subspaces
that are stable by the acting torus T of X .
Proof. According to [3], Theorem 1, there are only finitely many maximal separated open
subspaces Ui, i ∈ I, of X . Since X is a noetherian topological space, it is covered by the Ui.
By Sumihiro’s Theorem (see [11]) we only have to show that each Ui is T–stable. This
is done as follows: Every t ∈ T permutes the sets Ui. Hence the elements of T permute also
the complements Ai := X \ Ui. Consequently, for a given i ∈ I we have
T =
⋃
j∈I
TranT (Ai, Aj),
where TranT (Ai, Aj) denotes the closed set {t ∈ T ; t·Ai ⊂ Aj}. Since T is irreducible, there
is a j0 ∈ I such that T = TranT (Ai, Aj0). Note that Ai = eT ·Ai ⊂ Aj0. Thus maximality of
Uj0 implies i = j0 which yields T ·Ui = Ui.
Note that the arguments of the above proof yield that any G–prevariety, where G is
a connected algebraic group, can be covered by G–stable separated open subspaces. For
disconnected G this statement is false (see Example 1.6).
Now assume that X is a toric prevariety with acting torus T . Using the theory of toric
varieties we can conclude from Proposition 1.3 that the set Orb(X) of all T–orbits of X is
finite.
1.4 Remark. For every T–orbit B of X there exists a unique T -stable open affine subspace
XB of X such that B is a closed subset of XB. Moreover, we have
XB =
⋃
B′∈Orb(X); B⊂B′
B′. ♦
The morphisms in the category of toric prevarieties are defined similarly as in the sepa-
rated case: Let f :X → X ′ be a regular map of toric prevarieties X and X ′ with base points
x0 and x
′
0 respectively.
1.5 Definition. The map f is called a toric morphism if f(x0) = x
′
0 and there is a homo-
morphism ϕ:T → T ′ of the acting tori of X and X ′ such that f(t·x) = ϕ(t)·f(x) holds for
all (t, x) ∈ T ×X .
1.6 Example. For the toric prevariety X of Example 1.2 let 01 and 02 denote the two fixed
points of T . Then f |C∗ := idC∗ , f(01) := 02 and f(02) := 01 defines a toric automorphism of
X of order 2.
1.7 Lemma. Let f :X → X ′ be a toric morphism of toric prevarieties and let B ⊂ X ,
B′ ⊂ X ′ be orbits of T and T ′ respectively. Then we have f(XB) ⊂ X
′
B′ if and only if
f(B) ⊂ X ′B′ .
A. A’Campo–Neuen, J. Hausen Toric Prevarieties and Subtorus Actions 4
Proof. Suppose that f(B) ⊂ X ′B′ holds. Then Remark 1.4 yields B
′ ⊂ T ′ ·f(B). Now
consider a T–orbit B1 with B ⊂ B1. Then f(B) ⊂ f(B1) and hence B
′ is contained in the
closure of the T ′-orbit T ′ ·f(B1). That means that f(B1) ⊂ X
′
B′ . Thus Remark 1.4 implies
f(B) ⊂ X ′B′ .
2 Systems of Fans
In this section we introduce the notion of a system of fans in a lattice and associate to
every system of fans a toric prevariety. Our construction is a generalization of the basic
construction in the theory of toric varieties. First we have to fix some notation:
By a lattice we mean a free Z–module of finite rank. For a given latticeN letNR := R⊗ZN
denote its associated real vector space. Moreover, for a homomorphism F :N → N ′ of lattices,
denote by FR its extension to the real vector spaces associated to N and N
′.
In the sequel let N be a lattice. When we speak of a cone in N we always think of a (not
necessarily strictly) convex rational polyhedral cone in NR. For a cone σ in N we denote by
σ◦ the relative interior of σ and if τ is a face of σ, then we write τ ≺ σ.
As usual, we call a finite set ∆ of strictly convex cones in N a fan in N if any two cones
of ∆ intersect in a common face and if σ ∈ ∆ implies that also every face of σ lies in ∆. If
∆′ is a subfan of a fan ∆ we will write ∆′ ≺ ∆. A fan ∆ is called irreducible if it consists of
all the faces of a cone σ.
2.1 Definition. Let I be a finite index set. A collection S = (∆ij)i,j∈I of fans in N is called
a system of fans if the following properties are satisfied for all i, j, k ∈ I:
i) ∆ij = ∆ji,
ii) ∆ij ∩∆jk ≺ ∆ik.
Note that in particular, ∆ij ≺ ∆ii ∩∆jj for all i, j ∈ I.
2.2 Examples. i) Every fan ∆ in N can be considered as a system of fans S = (∆) with
just one element.
ii) Let σ1, . . . , σr denote the maximal cones of a fan ∆ and set I := {1, . . . , r}. Let ∆ii
denote the fan of faces of σi and define ∆ij := ∆ii ∩ ∆jj . Then S := (∆ij)i,j∈I is a
system of irreducible fans.
iii) If ∆1, . . . ,∆r are fans in a lattice N , then ∆ii := ∆i and ∆ij := {{0}} defines a system
of fans in N .
iv) For a given collection σ1, . . . , σr of strictly convex cones in a lattice N , set I :=
{1, . . . , r}. Let ∆ii denote the fan of faces of σi and define ∆ij to be the fan of all
common proper faces of σi and σj . Then S := (∆ij)i,j∈I is a system of fans. ♦
In the sequel let S = (∆ij)i,j∈I be a given system of fans in N . There is an algebraic
torus having N as its lattice of one parameter subgroups, namely T := Hom(N∨,C∗), where
N∨ := Hom(N,Z) denotes the dual module of N . We associate to S a toric prevariety XS
with acting torus T as follows:
For each index i ∈ I let Xi := X∆ii denote the toric variety corresponding to the fan ∆ii
(see e.g. [6]). For any two indices i 6= j let Xij and Xji be the open toric subvarieties of Xi
and Xj corresponding to the subfan ∆ij .
The lattice homomorphism idN defines toric isomorphisms fji:Xij → Xji. Note that
Property 2.1 ii) yields fkj ◦ fji = fki on the intersections Xij ∩ Xik. Define XS to be the
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T–equivariant glueing of the toric varieties Xi by the glueing maps fij . By construction, XS
is a toric prevariety.
2.3 Example. Let I := {1, 2} and let ∆11 = ∆22 := {{0}, σ} be the fan of faces of σ := R≥0.
Setting ∆12 := ∆21 := {{0}} we obtain a system of fans S in Z. The associated toric
prevariety XS is the complex line with zero doubled (see Example 1.2). ♦
Apparently, different systems S and S ′ of fans can lead to the same toric prevariety
X , since there may be various possibilites for choosing separated toric charts covering the
prevariety X .
2.4 Example. Let N := Z and σ := R≥0. The fan ∆ := {σ,−σ, {0}} gives rise to the toric
variety X∆ = P1. Let I := {1, 2} and set
∆11 := ∆22 := ∆, ∆12 := ∆21 := {{0}}.
Then the resulting system of fans S := (∆ij)i,j∈I defines the toric prevariety X that is
obtained from glueing two copies of P1 along C
∗. If we set I ′ := {1, 2, 3, 4},
∆′11 := ∆
′
22 := {{0}, σ}, ∆
′
33 := ∆
′
44 := {{0},−σ},
and ∆′ij := {{0}} for all i 6= j, then we arrive at a system S
′ of fans defining the same toric
prevariety X as above. But now the fans of the system are irreducible and correspond to
affine charts of X . ♦
A given toric prevariety has two distinguished systems of charts, namely the covering by
maximal T–stable separated charts and the covering by maximal T–stable affine charts. The
latter one corresponds to systems S = (∆ij)i,j∈I of fans where every ∆ii is irreducible. Such
a system will be called affine.
For the description of the orbit structure of XS the following observation will turn out
to be useful: The system of fans S naturally induces an equivalence relation on the set
F(S) := {(σ, i); i ∈ I, σ ∈ ∆ii} of labelled cones, namely
(σ, i) ∼ (σ, j) ⇐⇒ σ ∈ ∆ij .
We call this equivalence relation the glueing relation of S, and we denote the set of equiva-
lence classes by Ω := Ω(S). The equivalence class of an element (σ, i) ∈ F(S) is denoted by
[σ, i].
2.5 Remark. The glueing relation satisfies the following conditions:
i) (0, i) ∼ (0, j) for all i, j,
ii) (σ, i) ∼ (τ, j) implies σ = τ ,
iii) (τ, i) ∼ (τ, j) implies (τ ′, i) ∼ (τ ′, j) for every τ ′ ≺ τ . ♦
As a converse of Remark 2.5, we can recover S from its glueing relation: Let S denote a
finite set of cones in N , let I be a finite index set and suppose that F is a subset of S × I
where for every i the set ∆ii := F ∩ (S × {i}) forms a fan.
2.6 Remark. If ∼ is an equivalence relation on F satisfying the conditions 2.5 i)–iv), then
we obtain a system of fans by setting
∆ij := {τ ∈ ∆ii ∩∆jj; (τ, i) ∼ (τ, j)} . ♦
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Let us now return to the toric prevariety XS obtained from glueing the toric varieties
Xi = X∆ii. Recall that the T–orbits of Xi are in 1–1–correspondence with the cones in ∆ii.
For every σ ∈ ∆ii, there is even a distinguished point x(σ,i) in the corresponding T–orbit in
Xi (see e.g. [6], p.28).
In the toric prevariety XS a point x(σ,i) ∈ Xi is identified with x(τ,j) ∈ Xj if and only if
x(σ,i) ∈ Xij and x(τ,j) ∈ Xji and σ = τ , or equivalently if (σ, i) ∼ (τ, j). So a distinguished
point x(σ,i) ∈ Xi defines a distinguished point in XS which depends only on the equivalence
class [σ, i] of (σ, i) in Ω(S) and is denoted by x[σ,i].
2.7 Remark. The assignment [σ, i] 7→ T ·x[σ,i] defines a bijection from Ω(S) to the set of
T -orbits of the toric prevariety XS . ♦
The point x0 := x[{0},i] corresponding to the open T -orbit will be considered as the base
point of XS . For a distinguished point x[σ,i] of XS we define X[σ,i] to be the open affine
T–stable subspace of XS that contains T ·x[σ,i] as closed subset (see Remark 1.4).
By Property 2.5 iv), the face relation induces a partial ordering on the set Ω(S), namely
[τ, j] ≺ [σ, i] if τ is a face of σ and [τ, i] = [τ, j]. This partial ordering reflects the behaviour
of orbit closures in XS :
2.8 Lemma. A point x[σ,i] lies in the closure of the orbit T ·x[τ,j] if and only if [τ, j] ≺ [σ, i].
In particular, one has
X[σ,i] =
⋃
[τ,j]≺[σ,i]
T ·x[τ,j] =
⋃
[τ,j]≺[σ,i]
X[τ,j].
Proof. Assume [τ, j] ≺ [σ, i]. By definition of the partial ordering “≺”, this means τ ≺ σ
and [τ, j] = [τ, i]. This implies x(σ,i) ∈ T ·x(τ,i) ⊂ Xi. Hence x[σ,i] lies in the closure of T ·x[τ,j].
Now, let x[σ,i] ∈ T ·x[τ,j]. Consider the T–stable separated neighbourhood Xi of x[σ,i].
Since X\Xi is closed, we have x[τ,j] ∈ Xi, i.e., [τ, j] = [τ, i]. Now the theory of toric varieties
tells us that in Xi we have τ ≺ σ.
Together with the corresponding statement on affine toric varieties, Lemma 1.7 implies
the following
2.9 Remark. Let f :XS → XS′ be a toric morphism. Then f maps distinguished points to
distinguished points. ♦
3 Toric Morphisms and Maps of Systems of Fans
We first introduce the concept of a map of systems of fans and then show that S 7→ XS is
an equivalence of categories. Let S = (∆ij)i,j∈I and S
′ = (∆′ij)i,j∈I′ denote systems of fans
in lattices N and N ′ respectively.
3.1 Definition. A map of systems of fans from S to S ′ is a pair (F, f), where F :N → N ′
is a lattice homomorphism and f: Ω(S)→ Ω(S ′) is a map with the following properties:
i) If [τ, j] ≺ [σ, i] then f([τ, j]) ≺ f([σ, i]), i.e., f is order preserving.
ii) If f([σ, i]) = [σ′, i′] then FR(σ
◦) ⊂ (σ′)◦.
3.2 Remark. Assume that S ′ = (∆′) is a single fan in N ′ and F :N → N ′ is a lattice
homomorphism such that FR maps the cones of S into cones of ∆
′. Then there is a unique
map f: Ω(S)→ Ω(S ′) such that (F, f) is a map of the systems of fans S and S ′. ♦
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On the other hand, if S ′ is arbitrary but S = (∆) is a single fan and F :N → N ′ is
a lattice homomorphism such that FR maps cones of S into cones of S
′, then there need
not exist a map (F, f) of the systems of fans S and S ′, even if the glueing relation of S ′ is
maximal:
3.3 Example. Let ∆ be the fan in Z3 having σ1 := cone(e1, e2, e1 + e2 + e3) and σ2 :=
cone(e2, e1+e2+e3, e2−e1+e3) as its maximal cones. Let F :Z
3 → Z2 denote the projection
given by (x, y, z) 7→ (x, y).
FR
σ1
σ2
e1
e1
e2
e2
e2 − e1 + e3
e1 + e2
e2 − e1
Let I ′ := {1, 2} and let ∆ii be the fan of faces of the cones τi := FR(σi) in Z
2. Let S ′ denote
the system of fans obtained obtained from the ∆ii by adding ∆12 := 0. Then there is no map
of systems of fans (F, f) from S to S ′. ♦
To obtain a functor from the category of systems of fans to the category of toric prevari-
eties we now define the assignement on the level of morphisms. Let X := XS and X
′ := XS′
be the respective toric prevarieties arising from S and S ′ and let (F, f) be a map of the
systems of fans S and S ′.
We construct a toric morphism f :X → X ′ as follows. For a given i ∈ I and σ ∈ ∆ii, set
[σ′, i′] := f([σ, i]). Then FR(σ) ⊂ σ
′, so F defines a toric morphism f[σ,i] from the affine toric
variety X[σ,i] to X
′
[σ′,i′]. By condition 3.1 i) we obtain
f[σ,i]|X[σ,i]∩X[τ,j] = f[τ,j]|X[σ,i]∩X[τ,j]
for every [τ, j] ∈ Ω(S). Consequently the regular maps f[σ,i] glue together to a toric morphism
f :X → X ′.
The geometric meaning of the map f: Ω(S) → Ω(S ′) is to prescribe the values of the
distinguished points for the toric morphism f associated to a map (F, f) of the systems S
and S ′ of fans:
3.4 Lemma. For every [σ, i] ∈ Ω(S) we have f(x[σ,i]) = x
′
f([σ,i]).
Proof. Let [σ, i] ∈ Ω(S) and let [σ′, i′] := f([σ, i]). Consider the toric morphism fi :=
f[σ,i]:X[σ,i] → X
′
[σ′,i′]. Since FR(σ
◦) is contained in (σ′)◦, we have
fi(x(σ,i)) = fi
(
lim
t→0
λv(t)·x({0},i)
)
= lim
t→0
fi(λv(t)·x({0},i)) = lim
t→0
λF (v)(t)·x({0},i) = x(σ′,i′)
where v is any lattice point in σ◦ and λv:C
∗ → T denotes the one–parameter–subgroup of
the acting torus T of X[σ,i] defined by v. This yields the claim.
Denote by ϕ:T → T ′ the homomorphism of acting tori associated to the toric morphism
f . Then we obtain the following description of the fibers of f .
3.5 Proposition. Fibre Formula. For every distinguished point x[σ′,i′] ∈ XS′ we have
f−1(x[σ′,i′]) =
⋃
[σ,i]∈f−1([σ′,i′])
ϕ−1(T ′x[σ′,i′])·x[σ,i].
A. A’Campo–Neuen, J. Hausen Toric Prevarieties and Subtorus Actions 8
Proof. The inclusion “⊃” follows from Lemma 3.4. In order to check “⊂”, let x ∈
f−1(x[σ′,i′]). Then x = t·x[σ,i] for some t ∈ T and [σ, i] ∈ Ω(S) and hence
f(x) = x[σ′,i′] = ϕ(t)·f(x[σ,i]).
By Lemma 3.4, we know obtain that f(x[σ,i]) is a distinguished point. This implies
f(x[σ,i]) = x[σ′,i′] and ϕ(t)·x[σ′,i′] = x[σ′,i′].
Now we come to the main result of this section, namely to generalize the correspondence
between fans and toric varieties to a correspondence between systems of fans and toric
prevarieties. By construction, TP:S 7→ XS , (F, f) 7→ f is a covariant functor from the
category of systems of fans to the category of toric prevarieties.
3.6 Theorem. TP and the restriction of TP to the (full) subcategory of affine systems of
fans are equivalences of categories.
Proof. By equivariance, a toric morphism is determined by its associated homomorphism
of the acting tori and its values on the distinguished points. Hence Lemma 3.4 yields that
the functor TP is faithful.
Next we verify that TP is fully faithful. Let S and S ′ be systems of fans in lattices
N and N ′ respectively and let f :XS → XS′ be a toric morphism. Then the associated
homomorphism ϕ:T → T ′ of the respective tori defines a homomorphism F :N → N ′.
For [σ, i] ∈ Ω(S) the associated distinguished point x[σ,i] is mapped to a distinguished
point x′[τ,j] and f(X[σ,i]) ⊂ X
′
[τ,j] (see Lemma 1.7 and Remark 2.9). Set f([σ, i]) := [τ, j]. Now
it follows from Remark 1.4 and Lemma 2.8 that (F, f) is a map of systems of fans. By Lemma
3.4, f is the toric morphism associated to (F, f).
Finally we have to show that for every toric prevariety X there exists an affine system
of fans S with X ∼= XS . Let X1, . . . , Xr be the maximal T -stable affine charts of X (see
Proposition 1.3), and let N denote the lattice of one–parameter–subgroups of the acting
torus T of X . Then every chart Xi corresponds to a irreducible fan ∆ii in N .
For every i, j ∈ I := {1, . . . , r} the intersection Xi ∩ Xj is an open toric subvariety of
both Xi and Xj and hence corresponds to a fan ∆ij which is a common subfan of ∆ii and
∆jj. It follows that the collection S := (∆ij)1≤i,j≤r forms an affine system of fans and it is
straightforward to check that X ∼= XS .
4 The Toric Separation
Let X be a toric prevariety. A toric separation of X is a toric morphism p:X → Y to a toric
variety Y that has the following universal property: For every toric morphism f from X to
a toric variety Z there exists a unique toric morphism f˜ : Y → Z such that f = f˜ ◦ p holds.
The main result of this section is
4.1 Theorem. Every toric prevariety has a toric separation.
We prove this statement by showing the corresponding result (Theorem 4.2 below) in
the category of systems of fans. First we translate the notion of the toric separation into the
language of systems of fans: Let N be a lattice and assume that S is a system of fans in N .
We call a map (P, p) of systems of fans from S to a fan ∆˜ in a lattice N˜ a reduction to
a fan, if for each map (F, f) of systems of fans from S to a fan ∆′ in a lattice N ′ there is a
unique lattice homomorphism F˜ : N˜ → N ′ defining a map of the fans ∆˜ and ∆′ such that
F = F˜ ◦ P .
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4.2 Theorem. Every system of fans admits a reduction to a fan.
Proof. Let S be a system of fans in a lattice N . Then S :=
⋃
i∆ii is a system of cones in
N in the sense of [1], Section 2. Moreover, every map of systems of fans from S to a fan ∆′
is also a map of the systems S and ∆′ of cones.
Denote by ∆˜ the quotient fan of S by the trivial sublattice L = {0} of N (see [1],
Definition 2.1 and Theorem 2.3). Then ∆˜ lives in some lattice N˜ and there is a projection
P :N → N˜ , mapping the cones from S into cones of ∆˜. By Remark 3.2, P defines a map of
the systems of fans S and ∆˜. It follows from the universal property of the quotient fan that
P is the reduction of S to a fan.
By a separation of a prevariety X we mean a regular map p from X to a variety Y that
is universal with respect to arbitrary regular maps from X to varieties. It can be shown that
every toric prevariety of dimension less than three has such a separation (see [2]).
In dimension three we find the first examples of toric prevarieties that need not have a
separation. The remainder of this section is devoted to giving such an example. Let I = {1, 2}
and let S be the affine system of fans in Z3 determined by the cones
σ1 := cone(e1, e2), σ2 := cone(e1 + e2, e3)
glued along 0. Note that XS is the glueing of C
2 ×C∗ and C∗ ×C2 along (C∗)3 via the map
(t1, t2, t3) 7→ (t1t
−1
2 , t2, t3).
e1
e2
e3
σ1
σ2
4.3 Proposition. XS admits no separation.
Proof. Assume that there exists a separation p:XS → Y . With the universal property we
obtain that p is surjective, Y is normal and there is an induced (set theoretical) action of
T := (C∗)3 on Y such that p is equivariant. We lead this to a contradiction by showing that
the toric separation of XS does not factor through p.
First we describe the toric separation of XS explicitly. Let ∆˜ be the fan of faces of
σ := cone(e1, e2, e3) in Z
3. The reduction of S to a fan is the map Q := idZ3 of the systems
of fans S and ∆˜. Set Z := X∆˜ = C
3. The toric separation of XS is the toric morphism
q:XS → Z associated to the map Q of systems of fans. Note that q(XS) is not open in Z,
since we have
q(XS) = C
3 \ ({0} × C∗ × {0} ∪ C∗ × {0} × {0}).
Now, by the universal property of p there is a unique regular map f : Y → Z such that
q = f ◦ p. Clearly f is T -equivariant. We claim moreover that f is injective. To verify this,
we investigate the fibres of f .
Note first that, by equivariance of f , it suffices to consider the fibres of distinguished
points. Moreover, by surjectivity of p, we have f−1(z) = p(q−1(z)) for every z ∈ Z. Using
the Fibre Formula 3.5, we see that
q−1(z0) = x0, q
−1(z̺i) = x̺i ,
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where ̺i := R≥0ei. This implies that f
−1(z0) as well as the fibres f
−1(z̺i) consist of exactly
one point. Again by the Fibre Formula one has
q−1(zσ1) = {x[σ1,1]} ∪H ·x[̺,2],
where ̺ := R≥0(e1 + e2) and H is the subtorus of T that corresponds to the sublattice
Ze1 ⊕ Ze2 of Z
3. Note that for the one parameter subgroup λ:C∗ → T corresponding to the
lattice vector e1 + e2 we obtain
lim
t→0
λ(t)·x0 = x[σ1,1], lim
t→0
λ(t)·x0 = x[̺,2]
in the affine charts Xσ1 and Xσ2 respectively. Thus the points x[σ1,1] and x[̺,2] cannot be
separated by complex open neighbourhoods.
Since p is continuous with respect to the complex topology and Y is Hausdorff it fol-
lows p(x[σ1,1]) = p(x[̺,2]). Since H fixes x[σ1,1] and p is equivariant, H fixes also p(x[̺,2]).
Consequently we obtain that f−1(zσ1) consists of a single point.
Finally we have to consider zσ. We have q
−1(zσ) = T ·x[σ2,2]. In order to see that f
−1(zσ)
is a single point, it suffices to check that p(x[σ2,2]) is fixed by T . Since q(x[σ2,2]) 6= q(x[̺,2]),
we obtain
T ·p(x[σ2,2]) ⊂ p(T ·x[̺,2]) \ p(T ·x[̺,2])
= p(T ·x[σ1,1]) \ p(T ·x[σ1,1]).
Here “ ” refers to taking the Zariski closure. Since p(T ·x[σ1,1]) is of dimension one, it
follows that T ·p(x[σ2,2]) is a point, i.e., p(x[σ2,2]) is fixed by T .
So we verified that f is injective. Since it is a regular map of normal varieties, Zariski’s
Main Theorem yields that f is an open embedding. In particular, f(Y ) = q(X) is open in
Z which is a contradiction.
5 Some Convex Geometry
Before coming to the investigation of quotients by the action of a subtorus, in this section
we recall some elementary properties of convex cones that will be needed later on. Let V be
a finite–dimensional real vector space. In Section 7 we will need the following fact:
5.1 Lemma. Let ̺ and τ be convex cones in V such that ̺◦ ∩ τ 6= ∅. Then τ ◦ is contained
in the relative interior of σ := conv(τ ∪ ̺).
Proof. Since τ is contained in σ, it suffices to show that τ ◦ ∩ σ◦ is non–empty. Choose
v1 ∈ ̺
◦ ∩ τ and v2 ∈ τ
◦. Then v := v1 + v2 lies in τ
◦. We claim that v ∈ σ◦. In order to
check this, we have to show that every linear form u contained in the dual cone σ∨ of σ
with u(v) = 0 vanishes on σ. So let u ∈ σ∨ = ̺∨ ∩ τ∨ with u(v) = 0. Then we obtain that
u(v1) = u(v2) = 0. Consequently u vanishes on ̺ and τ . This yields u|σ = 0.
Let σ denote a convex (polyhedral) cone in V . The set of faces of σ is denoted by F(σ).
Note that the smallest face of σ is σ ∩ −σ and hence equals the maximal linear subspace
contained in σ.
We consider the following situation: Let W ⊂ V be any linear subspace and let P :V →
V/W denote the projection. Then P (σ) is a cone in V/W . We now want to describe the
faces of P (σ) in terms of faces of σ. The first statement is the following
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5.2 Remark. i) There is an injective map from F(P (σ)) to F(σ), given by τ˜ 7→
P−1(τ˜) ∩ σ.
ii) If W ⊂ (σ ∩ −σ), then τ 7→ P (τ) is a bijective map from F(σ) to F(P (σ)), inverse to
the map in i). ♦
Now let σW denote the smallest face of σ containing W ∩ σ. Then σW is also the largest
face of σ with σ◦W ∩W 6= ∅.
5.3 Remark. Ŵ := σW +W is the smallest face of the cone σ +W . In particular, Ŵ is a
linear subspace of V . ♦
Let σ, V , W and Ŵ be as above. We consider the projections P 1:V → V/W and
P :V → V/Ŵ . As shown above, Ŵ is the smallest face of σ +W . Hence Remark 5.2 yields
1− 1–correspondences
F(σ +W )→ F(P 1(σ)), τ 7→ P 1(τ),
F(σ +W )→ F(P (σ)), τ 7→ P (τ).
In particular, the smallest face of P 1(σ) is Ŵ/W and P (σ) is strictly convex. Moreover, in
these notations we have
5.4 Remark. For a given face τ of σ the following conditions are equivalent:
i) (τ +W ) ≺ (σ +W ) and (τ +W ) ∩ σ = τ .
ii) P 1(τ) ≺ P 1(σ) and P 1
−1
(P 1(τ)) ∩ σ = τ .
iii) P (τ) ≺ P (σ) and P−1(P (τ)) ∩ σ = τ . ♦
For later use we introduce here the following generalization of the notion of a fan. Let
N denote a lattice and let Σ be a finite set of not necessarily strictly convex cones in N .
We call Σ a quasi–fan, if σ ∈ Σ implies that every face of σ lies in Σ and for any two cones
σ, σ′ ∈ Σ the intersection σ ∩ σ′ is a face of both, σ and σ′.
For a given quasi–fan Σ in N , let σ0 denote its minimal element, i.e., σ0 is the minimal
face of each σ ∈ Σ. Consider the primitive sublattice L := σ0 ∩N of N and let P :N → N/L
denote the projection. As an immediate consequence of Remark 5.2 we obtain:
5.5 Remark. The set ∆ := {PR(σ); σ ∈ Σ} is a fan in N/L. ♦
The concept of a system of fans also has a natural generalization in this framework: We
call a finite family S := (Σij)i,j∈I a system of quasi–fans if it satisfies the conditions 2.1 i)
to iii). Again such a system of quasi–fans is called affine if each Σii is the quasi–fan of faces
of a single cone σ(i).
As in the case of systems of fans, we define a glueing relation on the set F(S) := {(σ, i); i ∈
I, σ ∈ Σii} of labelled faces of a system S of quasi–fans and denote by Ω(S) the set of
equivalence classes.
A map of two systems S, S ′ of quasi–fans in lattices N , N ′ respectively, is pair (F, f),
where F :N → N ′ is a lattice homomorphism and f: Ω(S) → Ω(S ′) is a map that satisfies
the conditions of 3.1.
For practical purposes we note that a map of the systems S and S ′ of (quasi–) fans is
in certain cases induced by a lattice homomorphism together with a compatible map of the
index sets I and I ′.
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5.6 Lemma. Let F :N → N ′ be a lattice homomorphism and let µ: I → I ′, i 7→ i′ be a map
such that for any two i, j ∈ I we have
(∗) for every σ ∈ Σij there is a σ
′ ∈ Σ′i′j′ with FR(σ) ⊂ σ
′.
Then there is a unique map (F, f) of the systems of quasi–fans S and S ′ with f([σ, i]) ≺ [σ′, i′]
for all σ, σ′ as in (∗).
Proof. Let [σ, i] ∈ Ω(S). Choose σ′ ∈ Σ′i′i′ as in Condition (∗) and let σ
′′ denote the smallest
face of σ′ with FR(σ) ⊂ σ
′′, in other words σ′′ is the face of σ′ with FR(σ
◦) ⊂ (σ′′)◦. Set
f([σ, i]) := [σ′′, i′] ≺ [σ′, i′].
In order to see that f is well defined and order preserving, let [τ, j] ≺ [σ, i]. Choose τ ′′ ∈ Σ′j′j′
as above. Since τ ∈ Σij , Property (∗) yields τ
′′ ∈ Σ′i′j′ and hence we obtain
[τ ′′, j′] = [τ ′′, i′] ≺ [σ′, i′].
To obtain uniqueness of the map (F, f) of systems of quasi–fans, note that f([σ, i]) ≺ [σ′, i′]
readily implies f[σ, i] = [σ′′, i], where σ′′ is the cone in Σi′i′ with FR(σ
◦) ⊂ (σ′′)◦.
5.7 Remark. Every map from an affine system of quasi–fans to an arbitrary system of
quasi–fans arises from a map of the index sets as in 5.6. ♦
In contrast to this observation maps from general systems of quasi–fans may not have a
description by a map of the index sets as the following example shows.
5.8 Example. Let S = (∆11) be a single fan consisting of two maximal cones σ1 and σ2.
Let I ′ = {1, 2} and for i ∈ I ′ let ∆′ii denote the fan of faces of σi and let ∆
′
12 = ∆
′
21 be the
fan of faces of σ1 ∩ σ2. Then the identity of N defines a unique map of systems of fans from
S to S ′ := (∆′ij)i,j∈I′. But there is no map from I = {1} to I
′ satisfying (∗). ♦
Now, let S = (Σij)i,j∈I be a system of quasi–fans in a lattice N . Denote by σ0 the minimal
element of some (and hence all) Σij . As above, set L := σ0 ∩N and let P :N → N/L be the
projection. Set
∆ij := {PR(σ); σ ∈ Σij}.
5.9 Remark. S˜ := (∆ij)i,j∈I is a system of fans in N/L. The system S˜ is affine, if and only
if S is affine. Moreover, the map
p: Ω(S)→ Ω(S˜), [σ, i] 7→ [PR(σ), i]
is an order–preserving bijection and (P, p) is a map of systems of quasi–fans. Any further
map from S to a system of fans factors uniquely through (P, p). ♦
6 Good Prequotients
Let G be a reductive complex algebraic group. For an algebraic action of G on a variety,
Seshadri introduced the notion of a good quotient (see [10], Def. 1.5). His notion can be
carried over to the category of prevarieties. Let X be a complex algebraic prevariety and
assume that G acts on X by means of a regular map G×X → X .
6.1 Definition. A G-invariant regular map p:X → Y onto a prevariety Y is called a good
prequotient for the action of G on X if:
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i) p is an affine map, i.e., for every affine open subspace V of Y the open subspace
U := p−1(V ) of X is affine,
ii) OY is the sheaf (p∗OX)
G of invariants, i.e., for every open set V ⊂ Y we have OY (V ) =
OX(p
−1(V ))G.
Note that if a good prequotient exists and if both, X and Y , are separated, then the
good prequotient is nothing but the good quotient. But in general, even if X is separated,
the action of G may admit a good prequotient but no good quotient (see Example 6.10).
As in the case of varieties, a good prequotient is obtained by glueing algebraic quotients
of G–stable affine charts.
6.2 Lemma. A G–invariant surjective regular map p:X → Y is a good prequotient for the
action of H if there is a covering of Y by open affine subspaces Vi, i ∈ I, such that for every
i ∈ I we have
i) Ui := p
−1(Vi) is an open affine subspace of X ,
ii) p|Ui:Ui → Vi is an algebraic quotient for the action of G on Ui, i.e., p|Ui is given by the
inclusion C[Ui]
G ⊂ C[Vi].
6.3 Definition. A G–invariant regular map p:X → Y to a complex prevariety Y is called
a categorical prequotient, if every G–invariant regular map from X to a prevariety factors
uniquely through p.
Note that categorical prequotients are necessarily surjective. In analogy to the situation
of varieties (see [10], p. 516) one concludes:
6.4 Proposition. Every good prequotient is a categorical prequotient.
Now we specialize to the case that X is a toric prevariety with acting torus T and we
consider a subtorus H ⊂ T .
6.5 Corollary. If p:X → Y is a good prequotient for the action of H on X then Y is a
toric prevariety and p is a toric morphism.
Proof. Choose a covering of Y by open affine subspaces Vi such that the conditions i) and ii)
of Lemma 6.2 are satisfied. Consider the action of H on T ×X defined by h·(t, x) := (t, h·x).
The map
q := idT ×p:T ×X → T × Y
is a good prequotient for this action, since the sets T × Vi satisfy the conditions of Lemma
6.2. By Proposition 6.4, we obtain a commutative diagram of regular maps
T ×X −−−−→ X
q
y yp
T × Y −−−−→ Y ,
where the horizontal arrows indicate regular T -actions. Since Y is a normal prevariety the
claim follows.
In Theorem 3.6 we showed that every toric prevariety arises from an affine system of
fans. As the main result of this section we characterize in terms of affine systems of fans,
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when the action of a subtorus on the toric prevariety admits a good prequotient. For the
corresponding statements on toric varieties we refer to [12] and [8].
Let us first recall the description of the good quotient in the affine case. Consider an
affine toric variety Xσ where σ is a strictly convex cone in the lattice N and let L be the
primitive sublattice of N corresponding to a subtorus H of the acting torus of Xσ.
Let σL := σLR , i.e., σL is the largest face of σ with LR ∩ σ
◦
L 6= ∅ (see also Section 5). Let
L̂ := N ∩ (LR + σL). Denote by P :N → N/L̂ the projection. Then σ˜ := PR(σ) is a strictly
convex cone in N/L̂. Moreover, we have (see e.g. [1], Example 3.1):
6.6 Remark. The toric morphism Xσ → Xσ˜ associated to P is the algebraic quotient for
the action of H on Xσ. ♦
Now we formulate our criterion for the general case. Let N be a lattice, let I be a finite
index set, and let S = (∆ij)i,j∈I be an affine system of fans in N . Recall that for every i
there is a strictly convex cone σ(i) such that ∆ii is the fan of faces of σ(i).
Let XS be the toric prevariety associated to S and let H be a subtorus of its acting torus.
Let L denote the (primitive) sublattice ofN corresponding toH and let P 1:N → N/L denote
the projection. With these notations our result is the following:
6.7 Theorem. The action of H on XS admits a good prequotient if and only if for every
i, j ∈ I and every τ ∈ ∆maxij the following holds:
i) P 1
R
(τ) ≺ P 1
R
(σ(i)),
ii) P 1
R
−1
(P 1
R
(τ)) ∩ σ(i) = τ .
If these conditions are satisfied then there is a primitive sublattice L̂ of L such that L̂R =
LR + σ(i)L for all i.
In the proof of this result we use the following description of affine toric morphisms. Let
(F, f) be a map of systems of fans from S to an affine system of fans S ′ := (∆′i′j′)i′,j′∈I′ in
some lattice N ′.
6.8 Lemma. The toric morphism f is affine if and only if for every i′ ∈ I ′ the set
R(i′) := {[τ, j] ∈ Ω(S); f([τ, j]) ≺ [σ′(i′), i′]}
contains a unique maximal element.
Proof. Let i′ ∈ I ′. Using Lemma 2.8 and the Fibre Formula 3.5, we obtain the following
formula for the preimage of the maximal affine chart X ′i′ := X[σ′(i′),i′] of XS′:
f−1(X ′i′) =
⋃
f([τ,j])∈R(i′)
T ·x[τ,j] .
This open subspace of X is an affine variety if and only if R(i′) contains a unique maximal
element. This proves the claim.
Proof of Theorem 6.7. Assume first that the conditions i) and ii) are valid. For i ∈ I
set σ˜(i) := P 1
R
(σ(i)). Note that σ˜(i) equals P 1
R
(σ(i)+LR). Thus, by Remark 5.2, the smallest
face of σ˜(i) is
P 1
R
(σ(i)L + LR) = P
1
R
(σ(i)L).
Let Σii denote the quasi–fan of faces of σ˜(i). For i, j ∈ I define Σij to be the set of all
faces of the cones P 1
R
(τ), τ ∈ ∆maxij . Then it follows from Condition i) that Σij is in fact a
sub–quasi–fan of Σii.
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We claim that (Σij)i,j∈I is a system of quasi–fans. To show this we need to verify Σij ∩
Σjk ⊂ Σik. Suppose that ˜̺ ∈ Σij ∩ Σjk, i.e., ˜̺ is a face of a cone τ˜ := P 1R(τ) ∩ P 1R(τ ′) with
some τ ∈ ∆maxij and τ
′ ∈ ∆maxjk . By Condition ii), we have
(P 1R)
−1(τ˜) ∩ σ(j) = τ ∩ τ ′,
and in particular, τ˜ = P 1
R
(τ ∩τ ′). Since τ ∩τ ′ lies in ∆ij∩∆jk ⊂ ∆ik and since τ˜ is a common
face of σ˜(i) and σ˜(k), we can conclude that τ˜ ∈ Σik and hence ˜̺∈ Σik.
By construction, the maps P 1 and µ := idI satisfy the assumptions of Lemma 5.6. Hence
they determine a unique map of systems of quasi–fans (P 1, p1) from S to (Σij)i,j∈I with
p1([σ(i), i]) = [σ˜(i), i].
Since in a system of quasi–fans the minimal elements of the Σij all coincide, Remark 5.2
yields σ(i)L+LR = σ(j)L+LR for all i, j. So there is a primitive sublattice L̂ of L such that
L̂R = LR + σ(i)L for all i ∈ I.
Let Q:N/L→ N˜ := N/L̂ denote the projection. According to Remark 5.9 the sets ∆˜ij :=
{QR(τ); τ ∈ Σij} form a system S˜ of fans in N˜ and the map (Q, q) with q: [τ, i] 7→ [QR(τ), i]
is universal with respect to maps to systems of fans.
Let p:XS → XS˜ denote the toric morphism associated to (Q ◦ P
1, q ◦ p). Since the
conditions of Lemma 6.8 are satisfied, the morphism p is affine. Moreover, by Remark 6.6,
for every i ∈ I the restriction p|Xi:Xi → X˜i is the algebraic quotient for the action of H .
Now it follows from Lemma 6.2 that p is a good prequotient for the action of H on X .
Conversely, let p:X → X˜ be a good prequotient for the action ofH onX . By Corollary 6.5
and Theorem 3.6, we may assume that p arises from a map (P, p) of affine systems of fans
S in N and S˜ in N˜ .
The restriction p1: p
−1(T˜ ) → T˜ of p is an algebraic quotient of affine toric varieties.
So, since P is the lattice homomorphism associated to p1, Remark 6.6 implies that P is
surjective. Therefore, setting L̂ := ker(P ), we can assume that N˜ = N/L̂ and P is the
canonical projection.
Since p is an affine surjective toric morphism, we can assume by Lemma 6.8 and the fibre
formula that I = I˜ and p([σ(i), i]) = [σ˜(i), i] with σ˜(i) = PR(σ(i)) hold. Moreover, since the
X[σ(i),i] are maximal T–stable affine open subspaces of X , we have
X[σ(i),i] = p
−1(X˜[σ˜(i),i]).
Since the restriction of p to X[σ(i),i] is an algebraic quotient for the action of H , Remark 6.6
yields σ(i)L + LR = σ(j)L + LR any two i, j ∈ I.
Now consider τ ∈ ∆maxij for some i, j ∈ I. Since (P, p) is a map of systems of fans, there
is a cone τ˜ ∈ ∆˜ij such that p([τ, i]) = [τ˜ , i]. On the other hand, τ˜ ≺ PR(σ(i)) implies by
Remark 5.2 that σ := P−1
R
(τ˜) ∩ σ(i) is a face of σ(i). Clearly we have τ ≺ σ.
Since we have p([σ, i]) = [τ˜ , i] ≺ [σ˜(j), j], Lemma 6.8 yields [σ, i] ≺ [σ(j), j] and hence
σ ∈ ∆ij . That implies τ = σ and we obtain that PR(τ) = τ˜ and P
−1
R
(PR(τ)) ∩ σ(i) = τ . As
a consequence of Remark 5.4 we get conditions i) and ii).
6.9 Corollary. Let p:XS → XS′ be a surjective affine toric morphism of prevarieties. If the
homomorphism of the acting tori associated to p has a connected kernel H , then p is a good
prequotient for the action of H on XS .
Proof. We may assume that p arises from a map (P, p) of systems of fans. Since H was
assumed to be connected, P is surjective and hence a projection. By Lemma 6.8 we can
assume that PR(σ(i)) = σ
′(i) and p([σ(i), i]) = [σ′(i), i].
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Let τ ∈ ∆maxij for some i 6= j. Then there is a cone τ
′ ∈ ∆′ij such that p([τ, i]) = [τ
′, j].
Since τ ′ ≺ σ′(i), we have σ := P−1
R
(τ ′) ∩ σ(i) ≺ σ(i) and p([σ, i]) = [τ ′, j] ≺ [σ′(j), j]. By
Lemma 6.8, σ ∈ ∆ij and hence σ = τ . That proves the claim.
If a toric variety X admits a good quotient p:X → Y for the action of some subtorus
H then by definition, p is also a good prequotient for the action of H . The converse of this
statement does not hold, as we see in the following simple example.
6.10 Example. The toric variety X := C2\{0} is described by the affine system S = (∆ij)
of fans in Z2, where ∆ii for i = 1, 2 denotes the fan of faces of σ(1) := R≥0e1 and σ(2) :=
R≥0e2 and ∆12 = {{0}}. Consider the subtorus H := {(t, t
−1); t ∈ C∗} of the acting torus
(C∗)2 of X . Then H corresponds to the sublattice L in Z2 generated by e1 − e2.
The projection P :Z2 → Z, (x, y) 7→ x+ y defines an H-invariant toric morphism p from
X onto the complex line with doubled zero with p(z, w) = zw for z, w 6= 0. The morphism
p is a good prequotient for the action of H , but there is no good quotient for the action of
H (see e.g. [12] or [8]). ♦
We conclude this section with two further examples, showing that both conditions of
Theorem 6.7 are actually needed.
6.11 Example. Consider as in Example 6.10 the affine system of fans S in Z2 defining the
toric variety X := C2 \ {0}. Let L := Re1. Then the subtorus H corresponding to L equals
C∗ × {1}. The associated projection of lattices is P 1:R2 → R, (x, y) 7→ y. Property 6.7 i) is
valid but 6.7 ii) is not. And indeed, the toric morphism C2\{0} → C, (z, w) 7→ w associated
to P 1 is a toric prequotient but not a good quotient. ♦
6.12 Example. Let S be the affine system of fans in Z6 obtained from
σ(1) := cone(e1, . . . , e4), σ2 := cone(e1, e4, e5, e6)
by defining ∆ii := F(σ(i)) and ∆12 := F(σ(1) ∩ σ(2)). Define a projection P
1:Z6 → Z3 by
P 1(e1) := e1, P
1(e2) := e1 + e3, P
1(e3) := −e2,
P 1(e4) := e1 − e3, P
1(e5) := e2, P
1(e6) := e1 + e3.
−e2
e2
e1 + e3
e1
e1 − e3
Let L := ker(P 1). Note that
P 1
R
(σ(1)) = cone(e1 + e3,−e2, e1 − e3), P
1
R
(σ(2)) = cone(e1 + e3, e2, e1 − e3).
Thus we see that for the face τ := cone(e1, e4) ∈ ∆
max
12 Property 6.7 i) is not valid. However,
Property 6.7 ii) holds. ♦
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7 The Toric Prequotient
For actions of subtori of the acting torus of a toric variety, we introduced in [1] the notion
of a toric quotient. The analogous concept for the action of a subtorus H of the acting torus
of a toric prevariety X is the following:
7.1 Definition. An H–invariant toric morphism p:X → Y to a toric prevariety Y is called
a toric prequotient for the action of H on X if for every H-invariant toric morphism f from
X to a toric prevariety Z there is a unique toric morphism f˜ : Y → Z such that f = f˜ ◦ p.
If p:X → Y is a toric prequotient for the action of a subtorus H of the acting torus
of X , then the toric prevariety Y is unique up to isomorphy and will also be denoted by
X /
tpq
H . As a consequence of Proposition 6.4 and Corollary 6.5, every good prequotient is a
toric prequotient. The aim of this section is to give a constructive proof for the following
7.2 Theorem. Every subtorus action on a toric prevariety admits a toric prequotient.
In view of Theorem 3.6, we prove this result in terms of affine systems of fans. For the
translation of the universal property of the toric prequotient into the language of systems of
fans we observe:
7.3 Remark. Let (F, f) be a map of systems of fans S, S ′ in lattices N , N ′ respectively,
and let H be a subtorus of the acting torus T of XS . Then the toric morphism f :XS → XS′
determined by (F, f) is H–invariant if and only if the sublattice L ⊂ N corresponding to H
is contained in ker(F ). ♦
Now let N be a lattice and let S be an affine system of quasi–fans in N . Moreover, let L
be a primitive sublattice of N . Then the analogue of Definition 7.1 is the following:
7.4 Definition. A prequotient for S by L is a map of systems of quasi–fans (P, p) from S
to an affine system S˜ of quasi–fans in a lattice N˜ such that:
i) L ⊂ ker(P ).
ii) For every map (F, f) from S to an affine system of quasi–fans S ′ with F |L = 0, there is a
unique map (F˜ , f˜) of the systems of quasi–fans S˜ and S ′ such that (F, f) = (F˜ , f˜)◦(P, p).
By Remark 5.9, for every affine system S˜ of quasi–fans in a lattice N˜ we have a map
that is universal with respect to maps from S˜ to affine systems of fans. Thus Theorem 7.2
follows directly from Theorem 3.6 and the following
7.5 Theorem. There is an algorithm to construct for a given affine system of quasi–fans S
in N and a primitive sublattice L of N the prequotient of S by L.
For the proof of this theorem we introduce the following notion. Let I be a finite index
set. We call a collection S := (Sij)i,j∈I of finite sets of cones in N a system of related cones
in N if the following conditions are satisfied:
i) Sii contains precisely one maximal cone σ(i),
ii) Sij = Sji for all i, j ∈ I,
iii) τ ∈ Sij implies τ ⊂ σ(i) ∩ σ(j),
iv) If τ ∈ Sij then Sij also contains all the faces of τ .
A. A’Campo–Neuen, J. Hausen Toric Prevarieties and Subtorus Actions 18
A map of two systems of related cones S and S′ in lattices N and N ′ respectively is a
pair (F, µ), where F :N → N ′ is a lattice homomorphism and µ: I → I ′, i 7→ i′ is a map of
the index sets of S and S′ such that
(∗) for every τ ∈ Sij there is a τ
′ ∈ S ′i′j′ with FR(τ) ⊂ τ
′.
Note that every affine system S of quasi–fans in N is a system of related cones in N . For
two affine systems of quasi–fans S and S ′ in N and N ′ respectively, any map (F, µ) from S
to S ′ as map of systems of related cones uniquely determines a map (F, f) from S to S ′ as
map of systems of fans such that
f([σ, i]) ≺ [σ′(i′), i′]
holds for all [σ, i] ∈ Ω(S) (see Lemma 5.6) and every map of affine systems of quasi–fans
arises in this way. But a given (F, f) can arise from different maps of the systems S and S ′
of related cones.
Proof of Theorem 7.5. Let S = (Σij)i,j∈I be an affine system of quasi–fans in N and
let L be a primitive sublattice of N . We use the following procedure for the calculation of
the prequotient of S by L:
Initialization: Set N˜ := N/L and let P :N → N˜ denote the projection. For every i ∈ I
set τ 1(i) := PR(σ(i)). For i, j ∈ I let S
1
ij denote the set of faces of the cones PR(̺), ̺ ∈ Σ
max
ij .
Set S1 := (S1ij)i,j∈I .
Loop 1: While there are i, j ∈ I, ̺ ∈ S1ij
max
, where “max” refers to the face relation, with
̺ 6≺ τ 1(i) do the following: Let ̺i denote the face of τ
1(i) with ̺◦ ⊂ ̺◦i . Replace τ
1(j) by
conv(τ 1(j) ∪ ̺i) and replace S
1
jj by the set of faces of conv(τ
1(j) ∪ ̺i). Remove {̺
′; ̺′ ≺ ̺}
from S1ij, S
1
ji and add instead {̺
′; ̺′ ≺ ̺i}.
Loop 2: While there are i, j, k ∈ I and ̺ ∈ S1ij ∩ S
1
jk such that ̺ 6∈ S
1
ik, replace S
1
ki and
S1ik by S
1
ik ∪ {̺
′; ̺′ ≺ ̺}.
Output: For every i, j ∈ I let τ˜ (i) := τ 1(i) and Σ˜ij := S
1
ij. Set S˜ := (Σ˜ij)i,j∈I .
In order to check that the output is in fact well–defined, we have to show that the loops
of the algorithm are finite. This is clear for Loop 2. For Loop 1 we use a similar argument
as in [1], proof of Theorem 2.3:
Since for each i, j ∈ I the number of maximal cones of S1ij does not increase when carrying
out a step of Loop 1, it stays fixed after finitely many, say K, steps of Loop 1. Let E ⊂ N
be a minimal set of generators for the cones σ(i), i ∈ I. Then in each step after the first K
steps the number ∑
i,j∈I
∑
τ∈S1ij
max
|P (E) ∩ τ |
is properly enlarged. This can happen only a finite number of times, i.e., Loop 1 is finite.
Thus we obtain that the outputs are in fact well–defined.
Claim: S˜ is an affine system of quasi–fans in N˜ . Moreover, (P, idI) is a map of systems
of related cones from S to S˜ and hence defines a map (P, p) of the systems of quasi–fans S
and S˜ such that p([σ, i]) ≺ [τ˜(i), i] for all [σ, i] ∈ Ω(S). The map (P, p) is the prequotient for
S by L.
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We prove this claim: After leaving Loop 1, every S1ii is the quasi–fan of faces of τ
1(i)
and every S1ij is a sub–quasi–fan of the quasi–fan of common faces of τ
1(i) and τ 1(j): S1ij ≺
S1ii ∩ S
1
jj. Note that this property is not affected in Loop 2.
Thus the quasi–fans Σ˜ij satisfy Properties i) and ii) Definition 2.1. The transitivity axiom
iii) is guaranteed by Loop 2. In other words, S˜ is an affine system of quasi–fans.
By construction, (P, idI) is a map of the systems S and S˜ of related cones. Hence there
is a unique map (P, p) of the systems of quasi–fans S and S˜ with
p([σ, i]) ≺ [τ˜(i), i]
for all [σ, i] ∈ Ω(S). We have to prove that (P, p) satisfies the universal property of the
prequotient of S by L. So, let (F, f) be a map from S to an affine system S ′ = (Σ′ij)i,j∈I′
of quasi–fans in a lattice N ′ such that L ⊂ ker(F ). Then there is a lattice homomorphism
F˜ : N˜ → N ′ with F = F˜ ◦ P .
Now choose a map µ: I → I ′, i 7→ i′ such that f([σ(i), i]) ≺ [σ′(i′), i′]. Then (F˜ , µ) is a
map from the system of related cones S1, defined as in the initialization, to S ′ such that
(F, µ) = (F˜ , µ) ◦ (P, idI) .
We show inductively that (F˜ , µ) remains a map of lists of related cones, when S1 is modified
in one of the two loops.
Suppose we are in Loop 1 and there are i, j ∈ I and ̺ ∈ S1ij
max
with ̺ 6≺ τ 1(i). Let ̺i
denote the smallest face of τ 1(i) containing ̺. Then ̺◦ ⊂ ̺◦i . By the induction hypothesis,
there is a cone ̺′ ∈ Σ′i′j′ with F˜R(̺) ⊂ ̺
′.
We claim that we even have F˜R(̺i) ⊂ ̺
′. To see this note that F˜R(̺i) ⊂ F˜R(τ
1(i)) ⊂ σ′(i′).
So there is a face σ′ of σ′(i′) such that F˜R(̺
◦
i ) ⊂ σ
′◦. On the other hand, F˜R(̺
◦) ⊂ ̺′∩σ′◦ 6= ∅.
That implies σ′ ≺ ρ′ and the claim follows.
Consequently, we obtain F˜R(τ
1(j) ∪ ̺i) ⊂ σ
′(j′). So the compatibility condition (∗) for
(F˜ , µ) remains true after replacing τ 1(j) by conv(τ 1(j) ∪ ̺j), S
1
jj by the set of faces of
conv(τ 1(j) ∪ ̺j) and, in S
1
ij, S
1
ji, the faces of ̺ by those of ̺i.
Now consider Loop 2 and suppose that there are i, j, k ∈ I and ̺ ∈ S1ij ∩ S
1
jk such
that ̺ 6∈ S1ik. By induction hypothesis, there are cones ̺
′ ∈ Σ′i′j′ and ̺
′′ ∈ Σ′j′k′ such that
F˜R(̺) ⊂ ̺
′ ∩ ̺′′.
Since ̺′ and ̺′′ are faces of σ′(j′) they intersect in a common face and in particular,
̺′∩̺′′ lies in Σ′i′j′ ∩Σ
′
j′k′ and hence in Σ
′
i′k′. This shows that (∗) for (F˜ , µ) remains true after
adding ̺ and all its faces to S1ik and S
1
ki.
In other words the pair (F˜ , µ) is a map of the systems S˜ and S ′ of related cones. Moreover,
by definition we have
(F, µ) = (F˜ , µ) ◦ (P, idI) .
Consequently the associated map of prefans (F˜ , f˜) from S˜ to S ′ is a factorization of (F, f)
through (P, p). We have to check that (F˜ , f˜) is uniquely determined by this property.
Since P is surjective, F˜ is determined by F = F˜ ◦P . Note that, before entering Loop 1 for
each i ∈ I, the image PR(σ(i)
◦) is contained in τ 1(i)◦. By Lemma 5.1 this property remains
valid after enlarging the cones τ 1(i) as in Loop 1, i.e., we have in fact
p([σ(i), i]) = [τ˜ (i), i]
holds for every i ∈ I. Consequently one obtains f˜([τ˜(i), i]) = f([σ(i), i]) for each i ∈ I. Since
f˜ is order–preserving, it is already determined by this property.
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7.6 Remark. The toric prequotient for the action of H on XS is good if and only if the
algorithm for constructing the prequotient of S by the sublattice L corresponding to H
already terminates after the initialization and Property 6.7 ii) holds. ♦
7.7 Example. Let S be the affine system of fans in Z5 with σ(1) := cone(e1, . . . , e4) and
σ(2) := cone(e3, e4, e5) and the maximal glueing relation. Define a lattice homomorphism
P :Z5 → Z3 by P (e1) := vi where the vectors vi are situated as indicated below.
v2
v3
v1 = v4
v5
Clearly we may arrange the vi in such a manner that P is surjective. Then for τ :=
cone(e3, e4) ∈ ∆
max
12 we obtain
PR
−1(PR(τ)) ∩ σ(1) = cone(e1, e3, e4)
and consequently Property 6.7 ii) is not valid. However, in this situation, the algorithm
terminates after the initialization. ♦
As Example 6.10 indicates, the toric prequotient of a subtorus action on a toric variety
in general differs from its toric quotient. The two notions are related to each other by the
toric separation (see Section 4):
7.8 Remark. For the action of a subtorus H of the acting torus of a toric variety X , let
p:X → X /tpqH be the toric prequotient and let q:X
/
tpqH → Y be the toric separation.
Then q ◦ p is the toric quotient for the action of H on X . ♦
In particular, the toric prequotient occurs as an intermediate step in the construction
of the toric quotient. We conclude this section with an explicit example, showing that both
loops of the algorithm are actually needed.
7.9 Example. Let us consider the following three cones in N = Z7:
σ(1) := cone(e1, e2, e3), σ(2) := cone(e2, e3, e4, e5), σ(3) := cone(e4, e5, e6, e7) .
Let S denote the system of fans with these maximal cones such that:
∆max12 = σ(1) ∩ σ(2), ∆
max
23 = σ(2) ∩ σ(3), ∆13 = {0} .
Let P :Z7 → Z3 denote the homomorphism given by P (ei) := vi, where the vi are vectors in
Z3 situated as in the picture below.
v7
v2
v1
v6
v4
v5
v3
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As before we may assume that P is surjective. Then after running through Loop 1 of the
prequotient algorithm for S by L we have the following cones in S1:
τ 1(1) = PR(σ(1)), τ
1(2) = cone(v2, v3, v6), τ
1(3) = cone(v3, v6, v7) .
and for the families S1ij of subcones we obtain
S1
max
12 = cone(v2, v3), S
1max
23 = cone(v3, v6), S
1max
13 = {0} .
So we see that cone(e3) is contained in S12 ∩ S23 but not in S13. Consequently the algo-
rithm also enters Loop 2, where S13 is replaced by {cone(e3), {0}}. After this the algorithm
terminates. ♦
8 Toric Prevarieties as Prequotients of Quasi-Affine
Toric Varieties
In [5] it is shown that every toric variety occurs as the image of a good quotient of an open
subset of some Cs by a reductive abelian group H . In fact, a slight modification of Cox’s
construction yields that any given toric variety is even the image of a good toric quotient of
an open subset of some Cs by a subtorus of (C∗)s (see e.g. [4], Section 1).
In this section we make related statements in the setting of toric prevarieties. Let XS be
a toric prevariety arising from a system of fans S = (∆ij)i,j∈I in a lattice N . We assume S
to be affine. According to Theorem 3.6, this means no loss of generality. Moreover, we may
assume that S is irredundant in the following sense: If i 6= j, then ∆ij is a proper subfan of
∆ii.
A first aim is to show that XS occurs as the image of a toric prequotient of an open toric
subvariety of some Cs. Our construction is the following: For every i ∈ I, let Ri denote the
set of all pairs (̺, i), where ̺ ∈ ∆
(1)
ii . Note that Ri ⊂ F(S). Set
N ′ :=
⊕
i∈I
Z
Ri , N˜ := N ⊕N ′.
For every ray ̺ ∈
⋃
i∈I ∆
(1)
ii let v̺ ∈ N denote the primitive lattice vector contained in ̺.
Define lattice homomorphisms
Q′:N ′ → N, Q′(e(̺,i)) := v̺, Q := idN +Q
′: N˜ → N.
Here the e(̺,i), ̺ ∈
⋃
i∈I ∆
(1)
ii , denote the canonical basis vectors of Z
Ri . Now, choose an
ordering “≤” of I and define an index set I˜ by
I˜ := {(τ, i, j); i ≤ j ∈ I, τ ∈ ∆maxij }.
So, as a set, I˜ is isomorphic to the disjoint union of all ∆maxij , i ≤ j. For every index
k = (τ, i, j) ∈ I˜ we define a strictly convex lattice cone σ˜k in N
′ ⊂ N˜ by setting
σ˜k := cone(e(̺,l); l ∈ {i, j}, ̺ ≺ τ).
In particular, if k = (σ, i, i) with the maximal cone σ ∈ ∆ii, then σ˜k is the positive quadrant
R
Ri
≥0. By construction, the cones σ˜k are the maximal cones of a fan ∆˜ in N˜ , and X∆˜ is
isomorphic to an open toric subvariety of Cs, where s := dim(N˜).
Now let S˜ denote the affine system of fans determined by ∆˜, i.e., S˜ = (∆˜kk′)k,k′∈I˜ , where
∆˜kk′ is the fan of faces of σ˜k ∩ σ˜k′ .
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8.1 Lemma. For any two elements k = (τ, i, j) and k′ = (τ ′, i′, j′) of I˜ we have
i) QR(σ˜k ∩ σ˜k′) = {0} ∈ ∆ii′ , if {i, j} ∩ {i
′, j′} = ∅.
ii) QR(σ˜k ∩ σ˜k′) = τ ∩ τ
′ ∈ ∆ii′, if {i, j} ∩ {i
′, j′} 6= ∅.
Proof. Note first that by definition the intersection of σ˜k and σ˜k′ is given by
σ˜k ∩ σ˜k′ = cone(e(̺,l); l ∈ {i, j} ∩ {i
′, j′}, ̺ ≺ τ, ̺ ≺ τ ′).
If {i, j} ∩ {i′, j′} is empty, then QR(σ˜k ∩ σ˜k′) = {0} ∈ ∆ii′ . So assume that {i, j} ∩ {i
′, j′} is
not empty. As an example we treat the case j = j′. Then τ, τ ′ ∈ ∆jj, in particular, τ ∩ τ
′ is
a face of both, τ and τ ′. Thus we obtain
QR(σ˜k ∩ σ˜k′) = cone(v̺; ̺ ≺ τ ∩ τ
′) = τ ∩ τ ′ ∈ ∆ij ∩∆i′j ⊂ ∆ii′ .
By the above lemma, the map µ: I˜ → I, (τ, i, j) 7→ i, satisfies the condition (∗) of
Lemma 5.6, and hence defines a map (Q, q) of the systems of fans S˜ and S. Let H denote
the subtorus of the acting torus T˜ of XS˜ = X∆˜ that corresponds to the primitive sublattice
ker(Q) ⊂ N˜ . Then we obtain:
8.2 Proposition. The toric morphism q:XS˜ → XS associated to (Q, q) is the toric pre-
quotient for the action of H on XS˜ . Moreover, q is even a categorical prequotient for the
H–action.
Proof. It is clear that q is a surjective toric prequotient. To see that it is categorical, we
have to show the existence of factorizations. So, let f :XS˜ → Z be an H-invariant regular
map. As usual, for i ∈ I, let Xi denote the chart X∆ii in XS . For every k = (τ, i, j) ∈ I˜ the
lattice homomorphism Q gives rise to a toric morphism
qk = q|Xσ˜k :Xσ˜k → Xτ ⊂ Xi ∩Xj ⊂ XS .
Note that the qk are algebraic quotients for the action of H on the Xσ˜k . In particular, since
algebraic quotients are categorical prequotients (see Proposition 6.4), we obtain for every
k = (τ, i, j) ∈ I˜ a regular map f˜k:Xτ → Z such that
f |Xσ˜k = f˜k ◦ qk.
We claim that the f˜k glue together to a map f˜ :XS → Z. To see this, consider first k = (τ, i, j)
and k′ = (σi, i, i), where σi denotes the maximal cone in ∆ii. Recall that
σ˜k′ ∩ σ˜k = cone(e(ρ,i); ̺ ≺ τ) =: τ˜i.
In particular, we have QR(τ˜i) = τ . Consequently, the restriction of qk to Xτ˜i maps Xτ˜i onto
Xτ and is again an algebraic quotient. Since f˜k′ ◦qk coincides with f on Xτ˜i, we can conclude
that
f˜k′|Xτ = f˜k.
Thus, to obtain the claim, only the cases k = (σi, i, i) and k
′ = (σj , j, j) remain to be treated.
We have to consider
Xi ∩Xj =
⋃
τ∈∆maxij
Xτ .
For every τ ∈ ∆maxij the previous consideration yields f˜k|Xτ = f˜(τ,i,j) = f˜k′|Xτ . Therefore
f˜k and f˜k′ in fact coincide on Xi ∩ Xj, which proves our claim. By construction we have
f = f˜ ◦ q.
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8.3 Corollary. Every toric prevariety X occurs as the image of a categorical prequotient
of an open toric subvariety of some Cs.
In general, the toric prequotient q constructed above, is not a good prequotient. In the
remaining part of this section we will investigate when a given toric prevariety XS can be
obtained as a good prequotient of an open toric subvariety of some Cs.
Call a toric prevariety X with acting torus T of affine intersection if for any two maximal
affine T–stable charts X1, X2 ⊂ X their intersection X1∩X2 is again affine. Note that every
toric variety is of affine intersection while for toric prevarieties this a proper condition, as
the following example shows:
8.4 Example. Let σ := cone(e1, e2) ⊂ R
2 and let S denote the system of fans with ∆11 =
∆22 = F(σ) and
∆12 = ∆21 = {{0},R≥0e1,R≥0e2}.
Then the toric prevariety XS is just C
2 with doubled zero. Clearly XS is not of affine
intersection. ♦
8.5 Proposition. If there is a good prequotient q: X˜ → XS with a toric variety X˜ , then
XS is of affine intersection.
Proof. Let Xi, i = 1, . . . , r, be the maximal T -stable affine open subsets of XS and set
X˜i := q
−1(Xi). Then the restrictions qij : X˜i∩X˜j → Xi∩Xj of q are good prequotients. Since
X˜i and X˜j are affine, so is X˜i ∩ X˜j and consequently Xi ∩Xj .
In the sequel assume that XS is of affine intersection. Since S was assumed to be affine
this means that for any two i, j ∈ I the set ∆maxij consists of a single cone σij . We show that
XS occurs as the image of a good prequotient of an open toric subvariety of some C
s using
the following generalization of Cox’s construction (see [5]):
Let R denote the set of equivalence classes [̺, i] ∈ Ω(S) where ̺ is one–dimensional. Set
N ′ := ZR and N˜ := N ⊕ N ′. As before, denote for ̺ ∈
⋃
∆
(1)
ij by v̺ the primitive lattice
vector contained in ̺. Define lattice homomorphisms
Q′:N ′ → N, Q(e[̺,i]) := v̺, Q := idN +Q
′: N˜ → N.
For every i ∈ I define a strictly convex cone in N˜ by setting
σ˜i := cone(e[̺,i]; ̺ ∈ ∆
(1)
ii )
Then the cones σ˜i, i ∈ I, are the maximal cones of a fan ∆˜ in N˜ . Let S˜ denote the affine
system of fans associated to ∆˜.
8.6 Lemma. The homomorphism Q together with µ := idI determines a map of systems
of fans (Q, q) from S˜ to S.
Proof. We have to verify condition (∗) of Lemma 5.6 for µ. Note first that for i, j ∈ I we
have
σ˜i ∩ σ˜k = cone(e[̺,i]; ̺ ∈ ∆
(1)
ij ).
Moreover, since S is affine and XS is of affine intersection, ∆ij is the fan of faces of a single
cone σij . Hence one obtains condition (∗) of Lemma 5.6 for µ from
QR(σ˜i ∩ σ˜k) = cone(v̺; ̺ ∈ ∆
(1)
ij ) = σij ∈ ∆ij .
By construction, the toric morphism q:XS˜ → XS defined by (Q, q) is surjective and
affine. Thus, denoting by H the kernel of the homomrphism of acting tori associated to q,
we infer from Corollary 6.9:
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8.7 Proposition. The toric morphism q:XS˜ → XS is a good prequotient for the action of
H on XS˜ .
Together with Proposition 8.5, the above proposition yields the following
8.8 Theorem. For any toric prevariety X , the following statements are equivalent:
i) There is an open toric subvariety U of some Cn and a good prequotient q:U → X .
ii) X is of affine intersection.
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